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ABSTRACT 

It  is  shown  that  a certain  system  of  differential  equations  of 
importance  to  the  proof  of  stability  of  the  adaptive  system  proposed  in 
fl],  admit  unbounded  solutions.  The  implication  of  this  result  is  that 
a much  more  elaborate  argument  than  heretofore  thought  necessary  is 
required  to  prove  that  the  adaptive  system  of  [1]  is  stable,  if  it  is  stable 
at  all. 


In  studying  the  asymptotic  behaviour  of  the  adaptive  control  system  proposed 
in  [1],  one  encounters  equations  of  the  form 


n = - n + <Kt)6 

(1) 

5 = - 4.  ( t ) n 

(2) 

• 2 

w = - Wj.  + 4 (t)n 

(3) 

where  as  In  [1],  n.SjW^  and  are  the  augmented  error,  parameter  error,  auxiliary 

€ 

signal  and  sensitivity  function  respectively,  of  the  adaptive  system.  These 

particular  equations  result  if  one  assumes  (for  simplicity)  that  D (p)  = (p+l)D  (p) , 

m w 

D^(p)  - p + 1 and  N = 1,  where  Dm,Dw,D^  and  N are  as  defined  in  [1]. 

To  prove  that  the  adaptive  system  of  [1]  is  stable,  it  is  necessary  to  show 

> 


that  q,6  and  w are  bounded.  Since  the  structure  of  the  adaptive  system  makes  it 
difficult  to  deduce  very  much  about  $ unless  n»<$  and  w^  are  known  apriori  to  be 
bounded,  the  approach  in  [1]  and  elsewhere  has  been  to  try  to  establish  the  bounded- 


ness of  n»«$,w^  without  first  assuming  that  (j>  is  bounded.  To  get  some  idea  of  v it's 
involved,  observe  that  the  time  function 


a = | (ri2  + 62)  (4) 

satisfies 

2 

a = - n (5) 

from  which  boundedness  of  n and  6 directly  follow.  This  and  (2)  imply  that  the 

output  of  any  stable  first-order  linear  system  with  input  4> n , is  bounded.  It  is  thus 

reasonable  to  expect  that  w..  , the  output  of  a stable  first-order  linear  system  forced 
2 

by  rj4>  , will  be  bounded  as  well.  The  following  counterexample  shows  that  this  is 
not  the  case. 


1 


1 ** 


", 


Proposition:  If 


4>  = 6 + (sin  0)(cos  0) 


-t  . 2,  6t. 
0 = e sin  (e  ) 


then  there  exists  an  unbounded  solution  to  ( 1) — ( 3) . 


Since  the  sensitivity  function  p actually  generated  by  the  adaptive  system  of 
[1]  is  not  completely  arbitrary,  the  preceding  is  not  quite  a counterexample  to 
the  claim  of  stability  of  the  adaptive  system  proposed  in  [1].  On  the  other  hand, 
the  example  does  imply  that  a much  more  elaborate  argument  involving  the  differ- 
ential equations  which  generate  <j>  is  required  to  prove  that  the  adaptive  system 
is  stable,  if  it  is  stable  at  all. 


To  prove  the  proposition , first  observe  from  (1),  (2)  and  (7),  with 

n(0)  = sin(sin  1)  and  6(0)  = cos (sin  1) that  n = C sin  0 where  6 = £ cos  6 and 

i o 


C(t)  = e 


sin  0(t)dt 
. n 


Hence 


2 2 

n<(>  = C4>  sin  0 


The  definition  of  0 in  (5)  implies  that 


sin  050/2^0  (10) 

and  that  02  S e 2t;  from  the  last  inequality,  the  trigonometric  relation  sin2  0 $ 02 

-1/2 

and  (8)  it  follows  that  c(t)  :>  c^  = e . This  (9)  and  (10)  thus  yield 

2 2 

q<j)  t c <(>  sin  0.  Using  (4)  to  substitute  for  <{>,  we  obtain 

n4>2  £ sin  0 (02  + 28  (sin  0)(cos  0)  + (sin2  0)(cos2  0))  (11) 


f*.  , ■*#  t 


• 5 1 

Now  observe  that  from  (5) , 6 + 0 = 6e  sin(2Y)  where 


Y = e 


6t 


(12) 


Hence 


02  sin  0 *=  (6e“>t  sin  2y)2  sin  0 - (200  + 0^)(sin  0) 


(13) 


If  we  now  define 


= ((sin2  0)(cos2  0)  - 02)sin  0 


b2  - (2/3  sin  0 + 2(0  cos  0-sin  0))c^ 


then  using  (11)  and  (12), 


(14) 


2 5t  2 

n<J  t sin  0(6e  sin  2y)  + + b2 


(15) 


From  (10),  and  then  (7)  and  (12) 


5t  . 0 \2  .2  lot  . 2 

sm  0(6e  sin  2y)  t 18  0 e sm  2y 


= 18e^t(sin*  y) (sin2  2y) 


8t,  22.  . 2 „ v 

= 18e  (1-cos  y)  (sin  2y) 


5 18e.^t(l-2  cos2  y)  (sin2  2y) 


O *-  O 

= - 18e  (cos  2Y)(sin  2y) 


This  and  (15)  thus  show  that 


1 2t  d . . 3 0 . 
° " 2 6 dF  (sin  2y) 


n<f>2  1 ~ c2  e2*”  (sin3  2y)  + bj  + t>2 


(16) 


where  c^  = /2  > 0. 


m I — •'I1- 


tost; 
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From  the  easily  verified  identities 


ft 


3t  d / . 3 . . , 3t  . 3 „ _ 

e — (sm  2y)dt  = -e  sin  2y  + 3 
dr 


' 3t  3 
e sin  2ydr 


and 


3e3t  sin3  2y  = 3/4  + 1/4 


where 


b^  = e 3t(l/3  cos3  2y-cos  2y) 


(17) 


it  follows  that 


ft 


3t  d , . 3 , , , 3t  . 3 _ , 1 

e (sm  2y)dx  = -e  sm  2y  + 


(3b3+b3)dt 


Thus  from  (16) 


ft 


(t“t)  2 0(-  X 

n ( t ) 4*  dt  > - c e sin  2y  + b(t) 


(18) 


where 


-t  ;t 


b(t)  = - 7 c | (3b  + b )dT  + 

4 2 Jo  3 3 


e^1  ^(bj+b^dt 


Since  (14)  and  (17)  show  that  b^.b^  and  b3  are  bounded>  b(t)  is  a bounded  function 


ii 


as  well. 


Thus  if  we  take  w^(t)  to  be  the  zero  initial  condition  solution  to  (3),  then 


from  (18) , and  (12) 


w^(t)  * - C2e^tsiri3(2e^t)  + b(t), 


Clearly  w^(t)  is  unbounded.  □ 
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